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Stability Analysis of a Spinning and Precessing
Viscoelastic Rotor Model Under the Effect of Tensile
Centrifugal Force

S. Bose, A. Nandi, S. Neogy

Abstract

The present work deals with stability analysis of a spinning viscoelastic rotor
mounted on a rotating (precessing) base under the effect of axial centrifugal tension,
where the spin axis and precession axis intersect at right angle. The nutation speed
is zero, the spin and precession speeds are considered to be uniform and the
precession axis is located at one end of the shaft. The axial centrifugal force on the
disc due to precession speed has been considered. The properties of the shaft
material correspond to those of a linear viscoelastic model of four element type. The
shaft-disc system is assumed to be axially and torsionally stiff. For analysis, a
simple supported rotor has been considered with a rigid disc on a massless
viscoelastic shaft. The governing 3™ order parametric equations for such a rotor are
derived in the simultaneously spinning and precessing frame by using the principle
of virtual work. The stability borderlines are computed using the generalized
eigenvalue problem considering spin speed, precession speed and the centrifugal
force on the disc as parameters. Variation in axial centrifugal tension is effected by
varying the location of the disc from the precession axis on the shaft.
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1 Introduction

Rotor on maneuvering base has presently become a topic of considerable interest and
were studied by Lin and Meng[1], Das et al[2,3]. Passive damping technology using
viscoelastic materials is traditionally used to control vibrations of structures [4]. The
growing use of such structures has motivated many authors to study stability analysis
of viscoelastic spinning rotor models [5].

It is known that a simultaneously spinning and precessing elastic rotor becomes
unstable beyond a certain precession speed as demonstrated by Ghosh et al. [6,7].
Bose [8] considered the effect of stiffening of such rotors due to centrifugal force.

In the present work, the authors have investigated the stability of a rigid disc on
viscoelastic shaft, which is simultaneously spinning and precessing under the effect
of centrifugal axial force on the disc. A material model obtained by combination of
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elastic and viscous elements has been used in the analysis as formulated by Bland et
al [9,10]. The stability borderlines are computed considering spin and precession
speeds and the centrifugal force on the disc as parameters.

2 Formulation

A spinning viscoelastic shaft-disc system mounted on a precessing base is shown in
Fig.1a. The objective of the present analysis is to find out the effect of spin and
precession speeds on the stability of a rotor under the effect of axial centrifugal force
on the rigid disc.

A rotor with a shaft and disc is shown in Fig.(1a). The rotor is spinning with a
constant angular velocity Qg about an axis X. This axis is again precessing about

the inertial Z axis with an angular velocity @ , . The inertial reference is represented

by the coordinate system XYZ . The coordinate system Xx'y'z’ precesses about the
axis Z with a uniform angular velocity Q , as shown in Fig.(1b). The reference Xxyz

has an angular velocity of (Q pI2+st) where Kk is the unit vector along Z and iis

the unit vector along the direction x . With respect to the reference xyz the shaft-disc

system undergoes small deformations (Fig.2 & Fig.3). The symbols
uy,u,,By,B;represent the displacements and rotations of the disc along y and

z directions respectively.

&ap
Z
¥ |'f_'lr\ Axial Centrifugal Tension
/ I
[ | ‘( {“&'@3

] X
| || ,\Silliph' supported shaft
5'\_II‘IJ‘

L.

Figure 1a: A spinning and precessing rotor  Figure 1b: Coordinate systems fixed
to inertial and rotating references

Figure.2:Location of deformed center of Figure.3: Rotations of the disc.
the disc.
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2.1 The variational formulation

The disc has a kinetic energy for its rigid body motion and deformation. The
viscoelastic forces on the disc act as restoring forces. Axial centrifugal force on the
rigid disc is also considered in the formulation. The Hamilton’s principle for the
shaft-disc system can be expressed as

t
J‘(éT +évvve _évax)jt =0 1)
4]
Where, 8T is the first variation of kinetic energy, 6W,, is the virtual work done by
the viscoelastic forces and AV, is the first variation of potential energy due to axial

centrifugal force. The kinetic energy is a function of the displacements and their first
order time-derivatives.

Ouj
T=T|u,—|i=12,..,n 2
0,22 @
Where, the symbol u; stands for the displacement of the iy, degree of freedom.

The virtual work done by the viscoelastic forces is {8U }" {F },,, . The first variation of

potential energy can be expressed as {5U} {F},. The symbols

U}, {Fye . {Fax stand for displacement vector , the viscoelastic force and the axial
force respectively in the spinning and precessing reference xyz

t2
Equation (1) reduces to j (ST +{8U }T {F }Ve + {5U }T {F box )n -0
tl
Y oT ot
{5005 Sou Ul Pl b0 a0 @
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After certain manipulations one can show,
{8U }T {F }in + {6U }T {F }ve + {6U }T {F }ax =0 4)
Where,

.
(Fl | 9[a) dfar) ~dfeT) jar or o
n dt{au, ) dtled, ) © dtlau, u; dup,  duy

The above equation states that in the spinning and precessing coordinate system the
sum of the virtual work done by the inertia forces, the viscoelastic forces and the
axial centrifugal force is zero.

The equilibrium equations are as below:

{F }in + {F }ve + {F }ax = {0} ®)

2.2 Four degree of freedom model
The four degree of freedom model considers the small rotational deformations of the

disc in addition to translational movements. In undeformed condition, the vector Ri”
is the center the disc with respect to x'y’z’ reference. In deformed state, the center

has position vector and velocity in the same reference denoted respectively [6] as :
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ou,
ot

Where, the deformations at the location of the disc along the directions Y’ and

— & H o dﬁc 2 6Uy/ =
pc =Ri"+uy j +uyk"and Tz—quyrl + ?+QPR '+

G

Z' are denoted by u y’ and U, respectively.
The translational kinetic energy can be expressed as

b
Q. U, —Q U
) o p=y m 0 0 p=y
Tuars = (y'+QpR] 0 m 0 [‘;'+QDRJ ()
0 0 m
ou, ouy
at at

The angular location of the disc can now be expressed by the consecutive rotations
as shown in Fig.(1b) and Fig.(3).

The rotational deformations of the disc can be described as two infinitesimal
rotations B, and By about the axes z’ and b (close to y") respectively.

Now, retaining all the terms to avoid missing out of any resulting significant term in
the process, the components of the angular velocity vector and rotational kinetic
energy of the disc can be expressed in the coordinate system abc as follows [6]: -

[ON —(Qp +BZ)SinBy +Q 1 0y M p 0 0 |lo,
Wy = By and TI‘Ot :E ®p 0 IT 0 ®p (8)
g (Qp -t-BZ)COSBy O 0 0 Iy ]log

Where, the polar and transverse mass moments of inertia of the disc are represented
by the symbols 1p and I respectively. For thin discs Ip =21+ .

The inertia force now can be computed by considering appropriate terms in the
Lagrange’s equations from Eq.(4).

The stress-strain relation for a viscoelastic material of the shaft can be represented by
a four element model (Fig.4) as described below:

d2
_ p+v—+v—>
o=Ee where gzdt—ddt 9)
1+ a—
dt
and various coefficients are obtained from [4]. For a thin beam for bending in the

2 2
x—zplane,m . = _E| d%w, (x) Similarly in the x—y plane, . —E) d%wy (9
y 2 z 2
dx dx
Where Myand M, are moments about Yy and Z axes respectively. The stiffness

matrix can now be derived by using the first principle using Eq. (4) where, kj; is

defined as force at the i—th degree of freedom for a unit displacement along
j—thdegree of freedom keeping all other degrees of freedom (other than j—th)
fixed.
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Fy kll 0 0 k14 u y k]’.l 0 0 ki4 u y
Fol _ | 0 kyp kg O Ju, [ EI| O ki kg 0 |Ju, (10)
M y 0 k32 k33 0 B y - | 3 0 kéz ké3 0 B y
M2 e kg 0 0 kg (B, kay 0 0 ki](B,

The viscoelastic stiffness matrix is obtained simply by replacing the modulus of

elasticity E in an elastic stiffness matrix by the operator E.
The shaft-disc system is under the effect of axial centrifugal force on the disc due to

precession. The potential energy due to axial force is expressed as:
T

dwy dw
_1as [ |F O as (11)
) dw, [0 F )| o, [
ds ds

The disc is located at a distance a from the precession axis. Distance of the disc from
the other end is b .The total length of the shaftis |=a+b

For both end fixed beam:
From first principles w, and W, can be expressed in terms of the four degrees of

freedom. Using Eq.(11) and appropriate terms in Lagrange’s equation, following
relations are obtained for 2 different regions of length — from 0 to ‘a’ and the other
from ‘a’ to ‘I’:

— 0 0 —% = 0 0 o
F u F u
y y
i 5 1 5|7 and . S LoV @
z -F, 5a 10 u; z -F, 5b 10 Uz
MZ AX1 _i E BZ MZ AX2 i 0 0 zib BZ
L 10 15 | 10 15

where F,and F, are the axial forces acting on shaft segments ‘a’ and ‘b’

respectively.

For simple supported beam:

Similarly for simply supported beam

y
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(13)

Dynamic equilibfium equation fo_r the shaft-disc system for 4 degree of f;eedom is:

53 0 0 -% 5
a
u F
o &1 of and |/
5a 5 u; z -F,
0 % % o ||By My 0
1 a B, MZ AX 2 1
= 0 o0 =2 =
5 5 5
Fy Fy Fy l:y 0
F, RLJRL IR o
My My My My 0
MZ in MZ ve MZ AX1 MZ AX 2 0

(14)

The governing equation for 4 degree freedom system is of the following form:

MIOHCU+(K [+ KK K e+ Koozt lkelsieca i =10

(15)
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ki 0 0 ki
EI| 0 ki kig O 16
K]-EH| 0 M ks O (19)
32 33
kip 0 0 ki
If the operator E is replaced by modulus of elasticity E , the elastic stiffness matrix
is obtained.

2.3 Stability analysis

Considering the differential operator at the denominator of the stress-strain relation,
Eq.(15) becomes a 3™ order equation with periodic coefficients. This equation is
converted to first order equations, thrice in number.

Governing equation for the 4 degree freedom system is:

MIGH+{C) K ki K e+ K ared + Koot + ki iu) =(0
By substituting matrix |k | from Eq.(16) and E from Eq.(9) in the above
governing equation following equation is obtained:

Y ]{U}+ (M]+alc]+ \V[K]){U }+ (C]+v[K]+ a[Ki ]+ alK ax ]){U }+ oK Jcos ZQSt{J }
+aK sJsin 205t }+ BK]+ [Kol+ [Kax DU} + (K o]+ 0206 [Ks D cos205t{U }

+ (K s]- 220 [K¢ Dsin 2,t{U } = {0} (17)
Arranging the terms in state space matrix form:

ofM] 0 0G| [(M+olCl+ylKD (Cl+{K]+elKl+[Kax)  @EK]+{Ke]+[Kax]][U

0 I ORU'+ -1 0 0 U
0 0 I||U 0 -1 0 U
0 ofKe| [Kel+2005[Ks][U 0 oKs| [Ksl-200[Kc]][U 0
+H0 0 0 Ulco2Qst+0 0 0 U tsin20st =40
0 0 0 U 0 0 0 U 0
or[Afix }+[Blx }+[C fx cos2 gt +[D X Jsin2 Qg t =0 (18)
U]
Where : u

The assumed solution for kth element in the vector {X }is expressed as
x K =eM (alg +af costt+b1k sin Qst+a‘2< cos 2Q)t +b§ Sin2Qt+....... ) (19)

Proceeding in a systematic way followed by Nandi et al [11] , one finally obtains the
generalized eigenvalue problem from which the stability analysis is performed.

[Alix}=a[B]x} (20)
where, [4=(M&[0}, +{K&1]+{K.|@[R]+{K]&[R] and[B]={m]&]I]
The symbol ® stands for Kronecker product. Kronecker product between two
matrices is explained below: -
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pu[Q] plZ[Q] -
p21[Q] pzz[Q] - - (@

Plee]=

The matrices[D]l, [Pc]and [PS] are the first order differentiation matrix, cosine

product operation matrix and sine product operation matrix respectively [11].
Stability is determined by examining the largest real part of the eigenvalues. If at
least one such real part is positive in sign, the system is unstable.

3 Results and Discussion

A viscoelastic shaft ,with disc placed at a specified location ’a’ from one end of the
spinning massless shaft, is considered with two different support conditions- simple
support and both end fixed support. The end of the shaft at the precession axis is
always fixed. If the other end is axially free, the shaft is termed as an axially free
shaft. When both the ends are axially fixed, the shaft is referred to as an axially fixed
shaft.

The shaft is 0.2m in length and 0.02m in diameter. The diameter and mass of the disc
are 0.15m and 0.25kg respectively.

Four element type model of Fig.4 was found to fit reasonably to the properties [12].

N, = 282N.Sec/m?,njs = 225N.Sec/m? E4 =845000N / m?, E{ = 2460000N / m?
2 3 3 1

Values of different coefficients as mentioned above are derived from the plots of
storage modulus and loss coefficient for a four element viscoelastic model [12].
Three case studies are considered where the disc is located at a = 0.03m, 0.05m and
0.08m from the precession axis. Fig.(4a) displays variation in axial centrifugal force
acting on the disc due to its placement at different locations from precession axis.

Axially free rotor
The end at the precession axis is axially restrained while the other one is kept axially

free. Stable and unstable zones of operation for the three cases are plotted in Fig.(5)
and Fig.(6) for varying spin and precession speeds for a simple supported rotor and
both end fixed rotor when only one end of the shaft located at the precession axis is
axially restrained.

It is seen that in each case, the generic stability region is approximately of the form
of a half trapezoid. Stability borderline increases with increase in precession speed
due to consequent increase in axial centrifugal tension till it becomes unstable over a
specific precession speed where the precession softening offsets the centrifugal
stiffening.

It is seen that rotors which are subjected to larger axial tensile forces are more stable.
Consequently, rotors where the disc is placed at a greater axial distance from the
precession axis have comparatively larger stability zones. In lower precession speed
ranges, effect of axial centrifugal force becomes less and hence there is not much
contribution of centrifugal force on stability borderlines irrespective of the location
of the disc.
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Axially fixed rotor

Fig.(4b) displays variation in axial centrifugal force acting on the disc due to its
placement at different locations from precession axis when both ends of the shaft are
axially fixed. Stable and unstable zones of operation for the three case studies are
plotted in Fig.(7) and Fig.(8) for varying spin and precession speeds. When the shaft
is axially fixed at both ends, axial centrifugal compressive force comes into existence
at one segment of the shaft in addition to the centrifugal tensile force existing at the
other segment. This centrifugal compression force partially nullifies the stability
leverage when the axial tensile force only used to exist in the previous case.

It is clearly demonstrated that stability zones for axially free configuration is much
larger compared to that of axially fixed configuration. This shows that in order to
utilise the advantage of larger stability zone one has to keep the shaft axially free at
one of its two ends.
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Figure.4a: Centrifugal force variation Figure.4b: Centrifugal force variation for
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Figure.5: Plots of stable and unstable zones for axially free simple supported rotor
with disc attached at distance ‘a’ =0.03m, 0.05m, 0.08m from one end
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Figure.6. Plots of stable and unstable zones for axially free fixed end rotor with disc
attached at distance ‘a’ =0.03m, 0.05m, 0.08m from one end
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Figure.7: Plots of stable and unstable zones for axially fixed simple supported rotor
with disc attached at distance ‘a’ =0.03m, 0.05m, 0.08m from one end
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Figure.8. Plots of stable and unstable zones for axially fixed both end fixed rotor
with disc attached at distance ‘a’ =0.03m, 0.05m, 0.08m from one end
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4 Conclusions

The present work computes the stability borderline of a spinning and precessing
viscoelastic rotor under the application of axial centrifugal force. A four-element
linear viscoelastic model represents the frequency dependent material properties of
the shaft. Governing equations of motion for a rigid disc on a viscoelastic shaft are
derived in the rotating frame. A systematic scheme has been suggested for
eigenvalue analysis of resulting 3" order parametric equations for such systems. The
effect of position of the disc and axial constraint of the shaft on stability of the rotor
has been demonstrated.

References

[1] Lin, F., Meng, G., “Study on the Dynamics of a Rotor in a Maneuvering
Aircraft”, Journal of Vibration and Acoustics, vol. 125, pp324-327, 2003

[2] Das, A.S., Dutt, J. K. and Ray, K.,“Active Vibration Control of Unbalanced
Flexible Rotor shaft systems Parametrically Excited due to Base Motion,
Applied Mathematical Modelling” , vol. 34(9), pp. 2353-2369,2010

[3] Das, A.S., Dutt, J. K. and Ray, K, “Active vibration control of flexible
rotors on maneuvering vehicles”, AIAA Journal, vol. 48(2), pp. 340-
353.,2010

[4] Nakra, B. C. and Chawla, D. R., Shock Response of a Three-Layer
Sandwich Beam with Viscoelastic Core, Journal of the Aeronautical Society
of India, Vol. 23(3), pp 135-139,1971.

[5] Dutt, J. K. and Roy, H., Viscoelastic modelling of rotor-shaft systems using
an operator-based approach, Journal of Mechanical Engineering Science,
Vol. 225(1), pp 73-87,2011.

[6] Ghosh, R., Saha, A., Nandi, A., Neogy, S., Stability analysis of a flexible
spinning and precessing rotor with non-symmetric shaft, Journal of
Vibration and Control, vol. 16(1), pp.107-125,2010.

[7] Saha, A.,Ghosh, R., Nandi, A., Neogy, S., Unbalance Response Analysis of
a Spinning Rotor Mounted on a Precessing Platform, IUTAM Symposium
on Emerging Trends in Rotor Dynamics, New Delhi, India, Mar 2009.

[8] Bose, S., Nandi, A. and Neogy, S., Stability Analysis of a Finite Element
Spinning and Precessing Rotor Model, Proceedings of the 6™ International
Conference on Vibration Engineering and Technology of Machinery —
VETOMAC-VI, New Delhi, India, Dec 2010.

[9] Bland D.R. and Lee E.H.,On Determination of a Viscoelastic Model for
Stress Analysis of Plastics, J Appl. Mech., vol. 23, pp.416,1956.

[10]Bland D.R., Theory Of Linear Viscoelasticity, Pergamon Press, 1960.

[11]Nandi, A., Neogy, S.,An efficient scheme for stability analysis of finite
element asymmetric rotor models in a rotating frame, Finite Elements in
Analysis and Design , vol 41, pp 1343-1364, 2005.

[12] Dynamic Mechanical Properties of Materials for Noise and Vibration
Control, Chesapeake Instrument Corporation Technical Report, July 1962.

10



	1 Introduction
	2 Formulation 
	2.1 The variational formulation
	2.2 Four degree of freedom model
	2.3 Stability analysis

	3 Results and Discussion
	4 Conclusions

