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Singularity Analysis of Closed-loop Mechanisms and
Parallel Manipulators

K. S. Vinu, Ashitava Ghosal

Abstract

Singularity analysis is the study of gain or loss in degrees of freedom of a
mechanism at a particular configuration. Singularity analysis is related to the
degeneracy of Jacobian matrices relating configuration variables witlspase
variables. In this paper, we present an improved Jacobian formulatiath can
be used to identify not only the gain or loss of degrees of freedom, baddition,
can be used to determine if the gain results in redundant degree obrfineéithe
approach and its advantages are illustrated with several examples.

Keywords: Degree of freedom (DOF), Manipulator, Kinematics, Singularity, Ac-
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1 Introduction

At a singular configuration, a closed loop mechanism or allghraanipulator can
loose or gain one or more degrees of freedom (DOF). At sucmfigeation, Jaco-
bian matrices associated with the first-order (velocityeknatics of a manipulator be-
comes degenerate. There are two main approaches adoptesgdayahers to analyse
the singularities in closed-loop mechanisms and paralbshipulators. In the well-
known approach by Gosselin and Angeles [1], the first-ordegrkatics are written in
terms of derivatives of chosen task space variables and jojnt variables and us-
ing Jacobian matrices associated with these chosen vegiabhe loss of rank of the
matrices leads to loss, gain or architectural singularitia an alternate approach [2],
first the constraint equations are obtained and then théaeship between the ac-
tuated and passive joint rates are obtained by differémgiahe constraint equations.
The loss of rank of the Jacobian matrix associated with tlssipa joint variables are
related togain of one or more DOF. The two methods have their own advantaues a
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disadvantages — in the first approach,dheaice of the output link must be made before
the analysis. In the second approach, the gain of DOF isradddbrlocked actuated
joints. In addition, for both the approaches, the naturénefgained DOF is not very
clear. For example, consider a case of the well-kntnanslational 3-UPU manipula-
tor [3]. Itis not clear if at again singularity the gain is in linear velocity or the gain
is an angular DOF. If the gain is in linear velocity the mangpor becomes instanta-
neously redundant and the behaviour could be very difféfeéhe gain is in angular
velocity. In this paper, we attempt to answer these issuedelrgloping a modified
Jacobian based approach. We show with help of severalkahimts that the modified
Jacobian approach enables us to determine if the gain of om®i@ DOF results in
the manipulator becoming redundant or not.

The paper is organized as follows: In the next section, weewethe existing
approaches fogain singularity analysis in closed-loop mechanisms and peraib-
nipulators. We next present the modified Jacobian basedagipr In section 3, we
present several examples, both planar and spatial, whicdirdte the advantages of
the modified Jacobian approach. The conclusions are priesgattion 4.

2 Existing and the Modified Jacobian Approach

In the approach by Gosselin and Angeles [1], the first step @btain an equation of
the form

[A]¢ + [B)i =0 1)

wherez is a vector of chosen task space variables laak the input joint variables.
The loss of rank ofA] and[B] gives rise to two different kinds of singularities, namely
those associated with gain and loss of one or more degreesafdm (DOF), and when
both [A] and [B] looses rank, the mechanism is said to be iraashitectural singu-
larity. In the constraint equation based approach, the-ogure constraint equations
are written in the form

ni(1,0) =0 )

where the active and passive joint variables are denotédbgd, respectively. From
the above, differentiating with respect to time, we get

K]l + [K*]0 =0 (3)

At anon-singular configurationdet[K*] # 0, the the angular velocity of the (chosen)
output link or platform{Tool} with respect to a fixed refereng@} can be obtained
as

OwTool = [Jw]qu (4)

where[J,,]., is obtained after eliminating the passive joint rates, gi$in.(3). In the
reference [4], the eigenvalues pf,,]” [J...,] are used fopartitioning the degrees
of freedom of the chosen output lifkool}. At a singular configurationjet[K*| =

0 and thegain in DOF is characterised by the number of non-zero eigengatiie
[J5]71J5] where[J] is the Jacobian associated only with the passive variabits w
the actuator locke@ = 0).
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2.1 Modified Jacobian formulation

As mentioned earlier, in the first approach, the choice oftéis& space variables de-
termines what can be readily inferred from the degeneracydpfand [B]. In the
constraint equation baselds set to zero for determining gained DOF. In both the ap-
proaches, the nature of the gained DOF is not very clear anchweot determine if
the gain results in a redundant system. To answer this arithsiquestions, we aim
to write the first-order kinematics in the form

[J}OwTool + [J9]9 =0 (5)

where®wr,,; is the angular velocity of the output link addenotes the vector of
passive variables. From Eq. (5) ifJ] becomes rank deficient in the 3-UPU case, the
gain is inlinear velocity which makes the 3-UPU translational manipulagaiundant.
If the rank of[.J] does not change, then the gained DOF is in angular velociyinA
the constraint equation based approach, the results aed lbasthe angular velocity
and hence are independent of the point on the moving outgubli platform.

To form Eq. (5) we first derive the angular and linear veloafy{Tool} with
respect to a fixed coordinate systéf} as

0WTool = [Jw]l + [J:]e
0‘/Tool = [Ju]l + [']:]9 (6)
Next, by differentiating nverse kinematic equations we get
OV 0o 7
2l oo | = ™
T ool

Using Eq. (6) and Eq. (7), one can eliminate actuated jobetaa
L= (0] = o] = aal[JD) ™ [Jaal[T5] + [Ja][I2])0 ®)
and the above equation can be rewritten as
Owroo = [C]0
where[C] is given by
[C] = [J)([91] = e J1e] = Waa][J]) T (e [T5] + [an]1I5]) + [J2]

The matrix[C] on the right-hand side need not be square but we can rewriteeab
equation as )

[C]T (Cwroa) = [C]T]C10 )
and identifying[C]* with [J,,] and—[C]T[C] with [J,], we get the desired first-order
kinematics described in equation (5). In the next sectianyse the above form of the
first-order kinematics to analyse gain singularity.

3 Results and Discussion

We present numerical examples for two and three degreesaddm planar and three
and four degrees of freedom spatial manipulators.
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3.1 Two DOF planar manipulator

We start with a planar 2 DOF manipulator shown in Fig. 1. It tves actuated joints
namelyA;, A, and six passive joints. The output link is a triangular @eti.

Figure 1: A 2 DOF planar parallel manipulator

For the planar manipulator, the geometric parameters agecha® = 1, h =
1.5, a = 0.3, 111 = lo; = 0.5, l12 = lao = 0.5, I337 = 1.2. At non-singular con-
figuration, the partition in DOF can be shown to be 2 lineaogiy and zero angular
velocity from the constraint equation based approach. ®mattuated variable val-
ues! 0, = /2, 6, = 1.3143 and for the passive variable valugs = —2.0628,
03 = 2.0927, 0; = 1.3318, 6 = 1.0489, 6, = —1.7779 andfg = 4.0703, the
manipulator gains a degree of freedom. Since in the nonskingase, the DOF are
translational, the gain DOF can be concluded to be in angelacity. However, if we
use the modified Jacobian approach and rewrite the first-&ndematics as

[J]w= + [Jo]lo = 0 (10)

we see thatJ] (in this case scalar) is very close to zero at the gain singuafigu-
ration. Hence, at this singular configuration, the gainot in angular velocity but in
linear velocity, i.e., the planar mechanismristantaneously redundant.

3.2 Three DOF planar manipulator

We next consider the three DOF planar manipulator shown gn Ei It has three
actuated jointsA;, A, and A3 and six passive joints. The output link is a triangular
platform. At a non-singular configuration, the manipulatwst have two linear and
one angular velocity component. For the geometric parasmete= 0.6, h = 0.3,

l11 = la1 = 0.5, 119 = ly9 = 0.5, l31 = l32 = 0.5, and actuated variablé’s = 7T/2,

1All angles are in radians.
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Figure 2: A 3 DOF planar parallel manipulator

0, = 2.5, 6; = —0.7622 and passive variable®, = —0.5374, ;3 = —1.8048,
05 = 0.0826, 0g = —2.0359, s = 2.8834, andfy = —4.2107, the 3 DOF planar
manipulator gains a DOF. The existing approaches for aisabfsgain singularity
cannot be used to identify nature of the gained velocity dedtify the manipulator is
redundant in terms of linear or angular velocity.

Using the modified Jacobian approach, we can write two Janatglationships
for the angular velocity and linear velocity in terms of ttespive variables. These are
of the form

[Jwz + [Jolo =0,  [L1]V +[Jglé =0 11)

Computing[J] and[.J;] at the gain singular configuration, we find thé] is very close
to zero whereaf/] is not. Hence at this gain singular configuration, the gaimtsn
angular velocity but in linear velocity, and the planar manipulatoinstantaneously
redundant in linear velocity.

3.3 The 3-UPU wrist manipulator

The 3-UPU manipulator [5] shown in Fig. 3 is a well-known #af@OF parallel ma-
nipulator. The point 'P’ is the common intersection of theadlete pair axes fixed
in the platform. Mounting condition requires that platfopaint 'P’ coincides with
base point located by the intersection of revolute pair dixexl in the base. For
base platform length = 1 and top platform lengtla = 1, at a non-singular config-
uration theDOF partition is 3 angular velocity (w) and O linear velocity (V). For
Iy, = 01,1, = 0.5, I3 = 1.9854 and passive variable values 6f = 0.3361,
0, = 1.5208, 63 = 1.5208, 8, = —0.0864, 05 = 4.9651, ¢ = —1.3181, 67 = 0.4679,
fs = —0.1210 andfy = —0.1210, the 3-UPU gains a degree of freedom. To figure
out if the gained DOF is in angular or linear velocity, we dbtidne modified Jacobian
equation

LAV + (516 =0 (12)
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For the gain singular configuration, the rank[df] is found to be 2. This implies
that the gained DOF is angular and hence the 3-UPU is redtindtarms of angular
degrees of freedom at the given gain singular configurattanay be mentioned again
that using the approaches of Gosselin and Angeles or théragriequation, it is not
possible to infer this result.

(a) 3 UPU wrist schematic (b) 3 UPU wrist sketch

Figure 3: The 3-UPU wrist parallel manipulator

3.4 The 3-UPU translational manipulator

Fig. 4 [3] shows a 3-UPU parallel manipulator. It consistadiked base and movable
platform interconnected by three identical UPU kinemaliains, with prismatic joint
as the actuated joints. The sufficient condition for the ralaitor to perform transla-
tional motion is that first revolute axis is parallel to lastolute axis similarly second
and third revolute joint axis are parallel to one anothetah also be shown using the
constraint equation based approach, that the 3 DOF’s at &ingalar configuration
can be partitioned as 3 linear velocity’ and 0 angular velocityw). Forb = 1/2
anda = 1 and forl; = 2, ls = 1.5, [3 = 1.2868 and with the passive joint angles as
61 = 0.5656, 02 = —1.6566, 85 = 1.6566, 0, = 2.5756, 05 = 0.9234, s = —1.1028,

0, = 1.1028, 0 = 2.2178, 69 = 1.1250, 017 = —1.9742, 6;; = 1.9742, and
012 = 2.0162, the 3-UPU manipulator is in a gain singular configuratiogat using
the modified Jacobian relation, we obtain the rankJffas 2. This implies that the
gained DOF is translational and the manipulatoregdundant at the gain singularity
configuration.

3.5 The 4-UPU parallel manipulator

The parallel manipulator shown in Fig. 5 [6] has four idealtiémbs each consisting
of four revolute joints and one prismatic joint. The axes ddtfand fifth joint are
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Figure 4: The 3-UPU translational manipulator

parallel toZ axis. The axes of second and the fourth joint are parallebth ether
also and perpendicular té-axis. The axes of the fourth revolute joints in all limbs are
coplanar. The base platform is rectangular while movald#qrm is square.

At a typical non-singular configuration the DOF is partigohas three linear ve-
locity (V) and one angular velocitiw). For Ry = 0.49, Ry = 0.39, d = 0.19,
andl1 = 0.8, l2 = 1.2, lg = 2, l4 = 1.6608, 91 = 1.0119, 92 = —0.9626, 93 =
0.9626, 6, = —3.6861, 05 = 1.4806, 65 = 1.1800, 6; = —1.1800, fs = —0.4505,

Oy = 0.4902, 019 = 1.3402, 017 = —1.3402, 612 = —1.5864, 613 = —0.7643,

014 = 1.2920, 015 = —1.2920, andf = —1.3472, the manipulator is in a singular
configuration. To analyse the gained DOF, we obtain the nestlifacobiar.J]. For
this configuration rank ofJ] is two, indicating that there is a redundant linear veloc-
ity gain, i.e,DOF partitioning still remains as 3 linear velocity (w) and one angular
velocity (V). By the constraint equation based approach, number of zgeovalues

of [K*]T[K*] is two, which implies that there is two gain in DOF’s. The catgd
eigenvalues of /37 [J] are[545.1, 185.75, 32.01] and this suggest that the gain takes
place in angular velocity which is not true. Hence this extengpoves that the con-
straint equation based approach can't identify the redonctanfiguration.

3.6 Four DOF parallel manipulator for larger workspace

The manipulator shown in Fig. 6 was proposed by the authgf®fbbtaining large
workspace, magnification ratio ¢f axis and compact frame work. It is made up of
moving platform, fixed base (both square) and four limbs. i _liand 1V use rhombus
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A Universal Joint

Prismatic Joint

Figure 5: The 4-UPU parallel manipulator

mechanism, while limb | and Il emplaoscaling ruler, which is a modified version of
rhombus mechanism. By the concept of equalised repregamtditmb | and Il is
considered as RPU chain and limb Il and IV as UPS chain.

For non-singular configuration the DOF is partitioned as @uéar velocity (v)
and 2 linear velocity ). For the base platform dimension2i = 0.3 and movable
platform dimension o£b = 0.2, and forl; = 0.3, = 0.4, I3 = 0.5, 4 = 0.4026,

0, = 0.3994, 65 = —1.2272, 03 = —0.0734, 0, = —2.5108, 05 = 0.71146, 05 =
0.9851, 67 = 1.3287, 0 = 0.0734, 6y = 11.8625 and#,, = 0.6222, the manipulator

is in a gain singular configuration. To analyse the naturehefdgained motion, we
obtain the modified Jacobigi] and in this case, the rank is 2. This implies that
the mechanism has redundant gain in linear velocity. Therw@jues based on the
constraint equation based approach predicts gain in angglizcity, which is not true.

4 Conclusions

In this paper we have developed a modified Jacobian forronlathich can determine
instantaneous redundant gain in DOF. This is enumeratedighrnumerical exam-
ples, we have also emphasised on the limitations of existpyoach through these
examples.
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(a) Actual Manipulator (b) Equalised Representation

Figure 6: Manipulator for larger workspace
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